Exemple Kepler's problem
Find the parallelepiped of maximum volume inscribed in the

ellipsoid

E={xeR® x12/a1+x2/az+x3/33 1}
N——"
Write the problem as a canonical optimisation problem

inf f(x), f(x)= HX/

x12/a2+x2/az+x3/a3 — 1
X{ > 0 J
?Xg, >0 M O’HN W X(
TG0
» Can we apply KKT theorem?

» Which constraints are active ?

» Lagrangian ?
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Exemple Kepler's problem

x1 =00rxo =00r x3 =0= f(x) =0 ! inequality constraints
are inactive

3

(x,y)= =] x+ya®/d+ x5 /a5 + x5 /a5 — 1)
=1

Gradient

266



Exemple Kepler's problem

( x2x3+2yx1/a1 = 0 ) X Xy
( x1x3+2yx2/32 = O) r Xz
( Xo X1 —|—2yX3/33 0 ) X (3(

Mo S ‘R’ugﬂﬂ‘“}w

£end o
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Exemple Kepler's problem . .
s vy (A )20

1
—XoX3 + 2yx1/a&f = O
—X1X3 +2yx2/85 = 0
—XoX1 +2yx3/a5 = O

We multiply each equation by the corresponding x; component

—XoXzXy +2yxZ /a5 = 0
—X1X3Xo + 2yx5 /a5 = O
—XpX1X3 +2yx5s/a5 = O

/
Then sum €3 [[xi+2y =0 ﬂrom which xox3 = 2y /(3x7) Then
Inserting in ' lon leads to

—2y/(3x1) +2yxi /& = 2y(xi/ai —1/(3x1)) = ©
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Exemple Kepler's problem

x; = 0 is impossible (or [T x; = 0 therefore 3x2 = av1 We obtain
similarly —
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Exemple | f(”): P@)-L(W/o), x 7+ d¢ Hffb)"—/ x>
Let the function Aespes 2 =) £{,‘)_. 1 2z 7 + x>+
f(X) = 2x7 + 3X5 + 2X Xo.

and domain K = {x? + 4x£ <1 and x; + xo > 1}:,@2L
Seek inf f(x)

xeK
Show that f has a global minimum over R? and calculate it

Show that K is nonempty convex.
Draw K in solid lines and isovalues of f(x) in dotted lines
Write the Lagrangian for the problem (P).

Write the 1st order optimality conditions (or KKT
conditions).

6. Use the drawing and the result of question 1 to decide
which of the two constraints will be active at least.

/. Calculate x* and the associated Lagrange multipliers.

a k&~ 0=
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Example

1. Compute Vf(x) = (4xqy + 2x2,2x1 + 6x2)" and

Hf(x) = (g g) The Hessian eigenvalues are

(5++/5)/2. Donc

f(x) = f(0) + (VI(0), x) + %(Hf(O)x, X)

IS a quadratic form with a symmetric positive definite
matrix, so the minimum 0 is reached in x = (0, 0) and
unique.
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Example

1. On considére K = {x? + 4x5 <1 et xy + xo > 1}. Le point
(1,0) € K # 0 Lensemble {x? + 4x5 < 1} est I'ellipse de
demi grand axe x; € [—1,1], xo = 0 et de demi petit axe
x1 =0, x €[-1/2,1/2]. Il est donc convexe. Le demi plan
{x1 + xo > 1} est lui aussi convexe. Lintersection non vide
de 2 convexes est convexe.
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Exemple




Exemple

1. On applique la méthode des multiplicateurs de Lagrange:

0x,y) = Fx) + y10G + 465 = 1)+ yo(1 = x1 = x2)
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Exemple

1. si (x7, x3) minimise f on K il existe y; > 0 et y» > 0 tels
que

4x*+2x*+2y*x*—y*>
VX", y*) = L Brs 1 aukyr e ] = Ome,
X7 Y7) (2x1+6x2+8y1x2—y2 k2
yi((6)? +4(x)*-1) = 0,

Y2(1=xi—x3) = 0
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Exemple

Comme le minimum global de 7(x) n"appartient pas a K, l'une
des deux contraintes au moins est forcément active. Vu la
convexité de f on prévoit que le minimum sera atteint sur le
segment {x; + xo = 1} N K et le maximum sur l'arc

{x2 +4x2 =1} N K.

Pour le minimum on cherche donc x, y» > 0 tels que

AX7 +2X5 = Y7
2X7+6x5 = 5
X% 4+ 4x5° <A

X{T+x; = 1

ce qui conduita x;y =2/3, x5 =1/3, y5 =10/3, y;r =0 et
f(x*) =5/3.
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Algorithms for constrained optimization

[ inf f(x)
s.c. ¢cEx)=0
s.c. cl(x)<0

_/\

\ x € R"
with
f : R" —R,
cc . R"——R™
¢ . R"—RP,

f ¢ smooth.

» Change of unknowns
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Algorithms for constrained optimization

Cinf o f(x) = ckosye
] sc. cEx) =0
s.c. cl(x)<0
\ x € R"
with
f : R" —R,
ctE . R"——R™
¢ . R"—RP,

f ¢ smooth.

» Change of unknowns
» Projection

277



Algorithms for constrained optimization

[ inf f(x)
s.c. ¢cEx)=0
s.c. cl(x)<0

_/\

\ x € R"
with
f : R" —R,
cc . R"——R™
¢ . R"—RP,

f ¢ smooth.

» Change of unknowns
» Projection
» Penalisation
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Algorithms for constrained optimization

(inf f(x)
] sc. cEx) =
s.c. cl(x)<0
\ x e R"
with
f : R" —R,
cc . R"——R™
c’ . R"—RP,
0P it & Y R(2 ) =00
S & o “
> AN ¢ (”‘(@@ “Og™ P \sed
» Change of unknowns Q e
New'ts

» Projection

» Penalisation

» Methods using Lagrange multipliers
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. & K
Ao FL x, = 65
Change of unknowns g _| — el

diffeomorphism ¢ : R" — K C R”
Examples:

> K = (R+)" — set x = y? and optimize without constraints
with respect to y.

) PR TN L) e

xé@) ’Xi‘. - lgz
L
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Change of unknowns “%Qa*) . \(éﬁ%) IR)CS\

diffeomorphism ¢ : R" — K C R”
Examples:
> K = (R+)" — set x = y? and optimize without constraints
with respect to y.
p: (R*)" — (RT), x; = Spl(y) — V2 _
> K=l nlai,bi] — set/x, = a’“” + B 259 cosh;|and
optimize without constraint
e R" = K, X; = ¢i(0)

s Q(Cj‘}b\
i <y <l Vﬁf\ ¢ (@}:%@M(u«r)

> (b
(ool
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Consequence of the change of unknowns on the
calculation of the gradient

e b D 93(y)
x Lé) X () = g&(@( P)
ViD= 33 (&)

o diffeomorphism = Jy defined on ¢~ (io()
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Consequence of the change of unknowns on the
calculation of the gradient

p diffeomorphism = Jy defined on ¢ (}O()
f(y) = fop(y) = f(x)
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Consequence of the change of unknowns on the
calculation of the gradient

o diffeomorphism = Ji defined on ¢ (fo()
f(y) = fop(y) = f(x) V,f(y) = J(¥y)Vxf(x) avec J(x) jacobian
matrix of ¢
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Example of change of unknowns

Example ¢ : (R*)" — (RT)", x; = p;(y) = y?

/
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Example of change of unknowns

Example ¢ : (R*)" — (R™)", x; = pi(y) = y?

2y; 0 -~ 0 2/x1 0 - 0

(01 2y, - o\ (012\/72 o\
J)=1.. . . o 17 o |

\0 - 0 2/ \ 0 - 0 2/x)
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Example of change of unknowns

Example ¢ : (R*)" — (R™)", x; = pi(y) = y?

2 o --- 0 2. /x; 0 - 0
(6/1 2y .- o\ (012\/72. o\
J)=1.. . . o 1= . - o |
\ 0 - 0 2,/ \ 0 - 0 2/%)
fy) = f2,...,y2), V,Hy)=Jy)VXx)

of(y)
Y

of
2y/a—xl_(y{", L YR)
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Projection and projected gradient methods
W

i Odjczj- e - olng\’["n)
L Ly = EE('XHA e Kow ‘%Xm\ o~ ¥

Inequality constraints < Belong to a non empty closed convex

set K C R”. ( %%)

inf f(x)

xeK
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Projection and projected gradient methods

Inequality constraints < Belong to a non empty closed convex
set K C R”".

inf f(x)

xeK

Theorem

Necessary local optimality condition Let f : R" — R a
differentiable function and K a convex non empty subset of R".
Let x* a local minimizer of f in K then

(VA(X*), x — X*) > 0,Vx € K nece>erfy
If moreover f is convex the condition becomes e

any point x* satisfying it is a global minimum of f on K.
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Deflnltlon pro osmon of the projection on a convex set

2 'S MMAWF‘
[ ‘a:é) T o

Let K a non empty closed convex set in R”. The projection of a
point x € R" on K, denoted Pk(x), is defined as the unique

solution g (
| OK(x) 2||'= inf ux yl3.
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Definition/proposition of the projection on a convex set

Let K a non empty closed convex set in R”. The projection of a
point x € R" on K, denoted Pk(x), is defined as the unique
solution

c A inf [x — y|35. = (
&,963"”‘4’ I inf |x — yI3 %gﬁ & ”3)

Furthermore Pk(x) is the only point in K satisfying

(Px(x)— X,y — Pg(x)) >0, VyeK
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Proof

» Existence of Pk (x) as minimum on a closed set of
f(y) = |x — y|? coercive (Theorem 1.1)
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Proof

» Existence of Pk (x) as minimum on a closed set of
f(y) = |x — y|? coercive (Theorem 1.1)

» Unicity : f(y) is convex (Hessien =2/zn) therefore unique
minimum
>
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Proof

» Existence of Pk (x) as minimum on a closed set of
f(y) = |x — y|? coercive (Theorem 1.1)
» Unicity : f(y) is convex (Hessien =2/zn) therefore unique
minimum
» Equivalence between the two properties:
= forye Kand 0 € [0,1],0y + (1 — 0)Px(x) € K
> Develop |x — Px(x)I? < |6y + (1 — 8)Pk(x) — x||?
» Simplify 6
» Do6=0
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Proof

» Existence of Pk (x) as minimum on a closed set of
f(y) = |x — y|? coercive (Theorem 1.1)

» Unicity : f(y) is convex (Hessien =2/gn) therefore unique
minimum
» Equivalence between the two properties:
= forye Kand 0 € [0,1],0y + (1 — 0)Pk(x) € K
> Develop |x — Px(x)|? < |8y + (1 — 6)Pk(x) — x|?
» Simplify 6
» Do6=0
< for y € K develop

|x — P (x) + Px(x) — y?
= |x = Pk()I? + [Pk (x) = yI? + 2(x — Px(x), Pk(x) — )
> x — Pe(x)[?

Ix = y|?
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Particular cases of projection on a convex.

Orthogonal projection of x on a subset K

Pk (x) := argmin |x — y|.
yek

Specific cases that can be solved explicitly
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Projection on an intersection of half spaces

Supposons que K = {x € R", x; > a;,i € |, x; < b;,j € J} avec
I,JcC{1,...,n}. On aalors

( max(a;, X;), pourie N\J

PK(X),' = < min(b,-,X,-), pour | € J\/
min(b;, max(a;, x;)), pouri e INndJ

\
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Projection on an intersection of half spaces

Supposons que K = {x € R", x; > a;,i € |, x; < b;,j € J} avec
I,JC{1,...,n}. On a alors

( max(a;, X;), pourie N\J

PK(X),' = min(b,-,x,-), pour | € J\/
min(b;, max(a;, X)), pouriec InNdJ

\
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Projection on a line (A, v)

287



Projection on a line (A, v)
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Euler inequation

Let f: K C E — R, where K is a convex included in E, a Hilbert
space. We suppose that f is differentiable in x* € K. If x* is a
local minimum of f over K, then x* satisfies the Euler inequality:

Df(x*)(y — x*) > 0,Vy € K.
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Algorithm of the projected gradient

Data: Function f, convex K, step (ax)k>0, tolerance 7, max
number of iter@tions Kmax
Result: minycx f(x)
Initialisation : choice of x5 € R"
while |x*t1 — xK| > 7 or k < Kmax do
| Solve x*T1 = Py (xK — a VF(xX)), k + k +1

end 47?@) g(;x) \'z- ':cc\\

X* — Xk 55

5t
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Convergence of projected gradient algorithm

Theorem
Let f differentiable sur R" and K € R" closed non empty convex

subset. Denote by xi the current solution of the projected
gradient algorithm and

d(a) = Px(Xk — a V(X)) — X«

If d(«) # 0 then d(«) is a descent direction Vo > 0
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Proof

Let o > 0 fixed. Suppose : d(a) = px(xx — aVF(Xxk)) — Xk # 0.
d(«) descent direction fin xx < (Vf(xx),d(a)) <0
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Proof

Let o > O fixed. Suppose : d(a) = px(xx — aVi(xk)) — xx # 0.
d(«) descent direction fin xx < (Vf(xx),d(a)) <0

Indeed Vy € K,

& (Pr(Xk—aVi(Xk)) = (Xk—aVF(X)), ¥ — Pk(Xk—aV(xk))) = 0
Therefore for all y € K (d(a) + aVf(xk)),y — Xk — d(a)) > 0
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Proof

Let a > 0 fixed. Suppose : d(a) = px(xx — aVF(Xxk)) — Xk # 0.
d(«a) descent direction fin x,x < (VFf(xk),d(a)) <0

Indeed Vy € K,

& (Pr(Xk—aVi(Xk)) = (Xk—aV(X)), ¥ — Pk(Xk—aV(xk))) = 0
Therefore for all y € K (d(a) + aVf(xk)),y — Xk — d(a)) >0
Since x,x € K choose y = x, on a

(d(@) + aVi(xk), d(a)) < 0or a(Vi(x),d(a)) < —[d(a)]* <0
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Convergence of projected gradient algorithm

Theorem

If f is differentiable, o-elliptic and its gradient is C-Lipschitzien,

the projected gradient algorithm converges towards x* quand
. 2 .

Kk — oo for (ak)k>o Sufficiently small: oy < C—O; ou « and C are

two constants such that

(VI(x) = VIi(y),x—y)
[VE(x) — Vi(y)|

alx —y|?, Vx,y e R",
Clx —yl, Vvx,yeR"

IN IV
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Proof
Compose two contracting applications
» x — x — aVi{(x) with conditions on «ak (See unconstrained
gradient convergence theorem)
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Proof
Compose two contracting applications
» x — x — aVi{(x) with conditions on «ak (See unconstrained
gradient convergence theorem)
» x — Pg(x). indeed
Ix=yI? = Ix—=y—(Px(x) = Px(¥)) + (Px(x) = Pk(1))I?
= Ix=y = (Pk(¥) = Pk(¥)I* +
(x =y = (Pk(x) = Pk(¥)), Pk(X) = Pk(y)) + [Pk (x) — Pk (¥)I?
= Ix—y = (Pk(x) = Pk(")I?
+{(X — Pk (x), Pk(x) — Px(y))
+(—y + P(¥)). Pk(x) = Px(¥)) + | Px(x) — Px(¥)I?

but (x — Pk (x), Px(x) — Pk(y)) > 0car Pk(y) € K
Therefore

Ix — y — (Pk(x) = Pk(Y))I? + | Px(X) — Px(¥)[?
|Pk(x) — Pk(y)|°

X — y|?

AVARRAV,
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