Théoreme des extrema lies - Lagrange multl Ilers
P’U.YM-Q ‘PL € @o s.x, C(oe).sO}

Let f and Cin C', and x* a local minimizer of f satisfying

C(x*) = 0 primalfeasability

,‘IRY\—»R Y4
x C . RV\-—? [R\M MQ?;SC(’X):
If the constraints are qualified/there exists a vector of Lagrange
multipliers y* € R™ s. t. v Q(fx &a )___o
e"
VI(x*) + Zy,*VC (x*)=0 dual feasability
ek [CO* RO
| Ro ok X/”l Qx— 1“;)*-) %’*"'\’\ C):") O
» Linear constraints special case '(7 R gp)=
» n=2, m=1 special case 9:€K?. %éﬂl
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Linear constraints special case RS
: it S

C(X) — (<C17X>7 JEI <Cn’hx>)L qp-&; ?\Q—A '),\,3?@&‘6\02’:5
(Ci)i=1.... mindependant&ectors family in R”
g\)a= K={x,{(c,x)=0,i=1,... m}= WM%M"%‘&'

inf f(x) (:)ai&!;p g(a) = 0&(‘7‘*) =) ‘vg@ﬁ\ =0

xeK

p
with g(Oz) — f (Z (l/k,') , (k,‘),‘:1 ..... P> basis of K
= ¢
N-\
N
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OA(oeﬁ g(iw & ) Vg@ 5&‘)

,Jé—(o?\ <&« Vg(iow@»)> o ...
vg(.f}) éw{ U’éﬂ -w? ('c = SE(CA)
ANV (COE '5_3 C;
X(w*)uug" CR)> =0 et ‘A*“Q‘
V.S vedo Apace gy W Yooy & %«M%O?vf
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Special case n =2, m = 1 g(w_)
C iR — L Cl)-

Qualification condition for one single constraint m=1:
VxCy(x*) # 0, we can suppose 0y, c1(x*) # 0.

Implicit function theorem : 3V; x V5 containing x* and ¢ unique
and differentiable in x* s. t. Vxy € V; ¢1([x1, ¢(x1)]) = 0 and

X5 = p(x7) with

_ 1

alreTey

8)(1 C1 (X)
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Proof

inf f(x) < inf f(xq), withf(xq) = f([x1,0(x1)])

C1 (X):O X1 €V

First order ptimality conditions for f (without constraints since
V4 is an open set)

700) = 06 (0t w0 + () 51 (06 ) = O

. aXz f(X*)
8)(2 C‘] (X*)

y:
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rord
Exemple 1 1% 218 - it

D, Vs H#u crche o cmben 0 ancd noden

inf X14+X§'v: g(%)

2 v2__
X +x2_1

Resolution by changing variables in polar coordinates

~Set x4 = cos(0) xo = sin(0), problem (4) becomes
infgeo.2x1(€os 6] +§in ') whose solution is obtained by finding
the zero of the derivative:

4 cos 0 sin O(—cos 6P +€in 9)2) = —2sin(20) cos(20) = 0,

4 local minima (£v2/2, +£4/2/2), ol f(x) = 1/2,
4 local maxima {(1,0),(0,1),(—1,0),(0,—1))}, ou f(x) = 1.
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Resolution using Lagrange multipliers
o ppoe g ? 60 DyteR s}
7264 9)- 0 00 = s 7
3C(x) =2(% %)
We seek x* € R2 and y* € R s. t. ({9~J\a TCGH) =4

C62)-o N (P +(3)7 = 1
(X1 )3 + y*2x1 — 0
— 4(x3 )3 +y2x; = 0

&(‘l'%\z g("‘)"f 4\1&(0'7\7 = OCL' +7 + 08(% +2A, .-\)
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Resolution using Lagrange multipliers

We seek x* € R? and y* € R s. t.

(X +(x3)° = 1
e (2% +@) - 4P +y2x = 0
cag(228 + %) = 4 4 y'2 = O
2
%<0 %~—?m
A T O A~ 7 g('z') /\
%
7\_2(1'7. o2t ) Y=-1
¢ < 2= % Rz %(x)-
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Resolution using Lagrange multipliers

We seek x* € R? and y* € R s. t.

(X5 +(x3)° = 1
AP +y2xf = 0
43 +y2x3 = 0
X =0 y' =204
=0 | GVt (ar (7 =1 ety = 2
f(x*) = 1
y'=-206) | () =tety' =2 ] () =(x) =1/2ety" =1,

f(x*) =1/2
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) daeh Hrak C P o 2 -
Exemple 2 )L) c}MJL KMJ' X* eﬂ?f‘& “NC() - A
3)&/()(&’&““ L M Hregorn

asg‘z x4 2,= 1) =G e f

Find 8("7 l{l}w,'x7-} -()917 tC
C(l)?)f ) () = 3x2 + 5x2 — 3x1x0, C(X) = Xq + Xp — 1
= (%a- 30071 28 1(5' g% =0, 1%

(%= +>
> Lagrangian £(x,y) = 3x2 + 5x5 — 3xy X2 + y(x1 + X2 — 1)
'S
5% e

%(03* Ngro),uﬂ- \ngfo)x X7

g (‘ 6:4‘ X2
X"> (2 A*\\sz}*‘*g 5|50 M\-&u\'l-g b0 & d>0
g {5

vl ll%lFC<Mpc7aﬂMY“,,|p_
( g“ r Moper 5 §loke +fﬂ°\°€ £ @‘@D

0O & Anmiin ) Area.




Exemple 2

Find

c(in)f 0 f(x) f(x)=3xf +5x3 —3xix2, CX)=x1+x—1=0
X)=

> Lagrangian £(x,y) = 3x2 + 5x5 — 3xy X2 + y(x1 + X2 — 1)

¥ n ¥ O
» Gradient VK(X?}); = (_gx1 +?)(;2x;fy\‘> - (0)
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Exemple 2

Find

C(in)f Of(X) f(x) = 3x% 4+ 5x5 — 3x1 X2, C(X)= X1+ Xp — 1
X)=

> Lagrangian £(x,y) = 3x2 + 5x5 — 3xy X2 + y(x1 + X2 — 1)

: 6X1 —3Xo + ¥
> =
Gradient V{(x, y) (_3)(1 +10% + y>
» If f(x*) = inf f(x)thendy* e Rs.t. V/(x*,y*) =0

C(x)=0
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Exemple 2

Find

C(in)f Of(X) f(x) = 3x% 4+ 5x5 — 3x1 X2, C(X)= X1+ Xp — 1
X)=

> Lagrangian /(x, y) = 3xZ + 5x5 — 3x1x2 + Yy (X1 + X2 — 1)
- 6x1 —3X2 + Yy
> p—
Gradient V/(x, y) (—3x1 0% + y>

> If f(x*) = C(i)?)f:o f(x)then dy* e Rs.t. V{(x*,y*)=0

» Plus the primal condition C(x*) =0
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Exemple 2 | Gx - >, tg o Yo be wkved on
=32 140%, 4= © exXerU K .
\')(-C "'1124

» Solve the system of 3 equations to find x*, y ¥
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» Solve the system of 3 equations to find x*, y
» Other method ?
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Second order gptimality conditions
VL L4y?) -0

e hQ0ry) A JC(

Let f and ¢ in C?, and x* be a local minimizer of f verifying the
constraints of equality ¢(x*) = 0. If the constraints are qualified,
there exists a vector of Lagrange multipliers y* € R™ such that

o0
(s, H(x*,y*)s) > 0 &m seN

N ={scR" A(x*)s =0}. LQirnean (:?{Mx;
N\.,e-\\C'V\ @ag

@a"‘{*‘ C(l):'or} ()= (o) ICE)e-od

— ot (
= OC ('x"")c'ﬂ —Xtvé:qol—(otl :_1129

C(=) & M)l -x¥)
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Interpretation of Lagrange multipliers

The Lagrange multiplier y; measures the sensitivity of the

minimum x> with respect to the corresponding constraint.
g Initial primal and dual problems

£ 7 infopn=o f(X) supy 9(¥)
avec g(y) = infy f(x) + ylc(x)
Pl

Perturbated primal and dual problems
) infor—c f(X) [ sup, 9(y) — Ty
» x is the primal variable, £ a parameter
» p*(¢) the optimal value when ¢ varies
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Global interpretation of Lagrange multipliers

Hyp: strong duality for the undisturbed problem, that is y™* t.q.
gly*) = d* = p*(0)
For the perturbated problem we have

IV

p(e) = maxg(y)—e'y
gly*) —e'y*
p*(0) —e’y*

AVARLY,

d’ou
» if y* > 0 and large, p* increases a lotif ¢; < 0
> if y < 0 and large, p* disminishes a lot if ¢; > 0
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Local interpretation of Lagrange multipliers

J”(E,) s ("“\ C: Iﬂh-’D IR "
oy

«_ _0p*(0) N A
Vi =" a0 % ' ‘

Proof : ¢ = te; in the global sensitivity
p*(te;) > p*(0) — ty;

p*(te;) — p*(0)

: S _yF
2 t =7
t 0 t
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Exemple 3 : Diagonalization of a symetric matrix
DY)z L0, x> + ‘{,L(/}"”z— ) 4 el
V‘P[I,(ﬁ: Lhoe + 2y

inf (Ax, X)
[ x[=1

n
with A a symetric matrix in R™". A & S

inf f(x) with f(x) = (Ax,x) and ¢(x) = [x|* =1

c(x)=0 DC(A)= rotr Kok -SC(')C*)';—/(X,\L?;CS‘“M

» Existence of a minimum since f is continuous and {x, |x| =1}
bounded closed set.

. [ differentiable and {c(x) = 0} Lagrange multipliers = dy* € R
s.t. 2Ax* +2y*x* =0 # v d-- g*
= 3()\, V) c R x Rn, Av = \v and f(V) = inf”X”:1 f(X)
Recurrence hypothesis H, : existence of a orthonormal
eigenvector basis of A with n related eigamvalues
n =1 easy
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Suppose H, true , PH e o A A
¢ :_,aa,xg

Z

For A € R™ <" 1we consider the subspace H = {vect(x*)}+.
dmH=n
His stable by A. Indeed x € H : (2, x*5=0

if (x*,x) =0then (x*, Ax) = (Ax*, x) = (—y*x*,x) =0

The restriction of Ato H is a matrix n x n therefore using H,
existence of a orthonormal eigenvector basis of the restriction

of Ato H.
We divide x* by |x*| in order to complete this basis on R™1.
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Exemple 4 : Minimization of a quadratic function under
linear constraints of equality q:;icg(x) e s R™

h
f(x) = %<Ax,x>+<b,x> Ae s

c(x) = Bx—-C

with A defined symetric positive matrix in R"*" b vector in R”,
B matrix in R™ " and C vector in R™.

Qualified constraints < rang(B) = m.

Lagrangian :

lx,y) = =(Ax,x)+ (b,x)+ (y,Bx— C)

N —
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Vil(x,y)= Ax+b+By=0
Bx =C

A defined symetric positive matrix = x = —A~1(b + Bly).
B(—A-1(b+ Bly))=C
rang(B) = m = BA~' B! is invertible
( BA—'Bly = —(BA~'b + C) from which we get y then x.
>

| Oy fomghn e gety ey <]
2 BA '@tVA Y Re 24—6 Bt‘ﬂ/ 637 =© ‘),w%.,gg:ﬁ > Y=o
4 > -(epet) 7 (pA L 10D
x = ~ ﬁ-'(é ~ @ﬁ(ﬁwgs)ﬂl(@ﬁ%*d)
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Utilisation : SQP algorithm -linear equality constraints
Let the minimization problem with linear equality constraints

(inf f(x)
{ s.c. Bx—c=0
\ x € R"

The Lagrangian is

( f:R" — R, twice differentiable
with ¢ B € Mp«n(R),
c e R™.

\

l(x,y) =f(x)+ (ay,Bx — ¢)

The 1st order optimality constrainst are

Vxl(X,y)
Vyg(xa y)

Let G = R™™ — R, G(x,y) = (

V(x)+ B'y = Opn
Bx — ¢ = Orm

Vi(x)+ BTy

Bx _ c ) and use the

Newton method to find its zero in R™""
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SQP algorjthm : Newton method in R"+™
21900m ;e

G(X.Y) =y <w(§fc§y) sax) = (75" Oim)

Xk+1 = Xk + d

Newton method : {
Yk+1 = Yk + Ok

JG(X, V) (‘gﬁ) = —G(Xk, Yk)

Leads to

e
{ Hf (xi)dk + VI(xk) + BTyx+ BTox =0 = V&(”n
Bdy = 0

Which is equivalent to solve

Bio?io %(Hf(xk)d, d) + (VF(xc) + By, d)= &[A)

~N
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Algorithme SQP - linear equality constraints

N onedh hor
At each iteration k / T rewo A 4
> let Ji(d) = S(Hf(xk)d, d) + (VF(xk) + BT yx, d) |
» minimize Jx(d) under constraint C(d) = Bd =0 Mvw%ﬂf‘ )%
/(d,d) = Jk(d) + (9, Bd)

Val(d,d§) =0 and Cd = 0 leads to the linear system

(5 D))
W™ 6 ?““Jr A ebead
\,Mu—\ _ g,xk(- oL O
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Algorithme SQP - linear equality constraints

3 pitfalls

1. Hf(x*) may be hard to compute : quasi-Newton
approximation H

2. H may be not invertible : penalize with
max(0, —min(Ay) +¢) iy
3. Vsl(4, y) might not decrease -> line search for a better step
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Algorithme SQP - linear equality constraints

Data: Function f, gradient V{, hessien Hf, tolerance 7, max
number of iterations Ky yax

Result: f(x*) = minycgrn f(X)

Initialisation : choose xp € R”, dy € R"t.q. |dp|| > 7

while |d%| > 7 and k < Kmay dO

Compute f(x*), VF(x*) et Hf(x*)

Minimize Jx(d) = 3 (Hf(xk)d, d) + (VF(xk) + BT yk, d)

under constraints Bd = 0 — find d* and 6*

Update dx = d~,

Update x*t1 = xk + d*, yk+t1 = yk 4 6*

Update kK < k + 1

end

X* = X
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Exercice

_ 7 P(x") e

W&M)

d Rezkm g('x-—ot Wur)

30

Ol A L Xpax

oy, RA-L5 A

|-lte +Gut e 2= 16w + 320"

X W,
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