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Exercigce
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Outline

Optimisation with constraints
Duality
Algorithms for constrained optimization

217



Canonical problem

with

(M f(x)
s8.c. cEx)=0 ’?—‘(A’&D‘k M\'rﬂw"b‘ﬂ
) M6.c. c'(x)<0 ""‘T"“’Q*\*B
x € R

f ¢ smooth.
& I 22\ AL oS Moan
D,={x eR", ¢(x) =0, c'(x) <0}
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General existence theorem :é %fm
x €

.\&Da\tc)gw""kw

We consider f continuous from C C R" into R with C closed. If
one of the following hypotheses is satisfied

> C bounded ( ) y 5o
: —
> C not bounded and f coercive g lo\|—> *o-

then f has a minimum on C S &(?q _\| 9(\(«:_
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E Y ™
CoR—s cE. (€ kR
L R"—Rf RN/ =Y RS

Notations for the gradient and the hessian of the i’ constraint

ai (x) = Vi (x)  Hf(x) = Hess ¢f (x),
al(x) = vcl(x) H!(x) = Hess c!(x).

Jacobian Matrices of the constraints :

ar (x)" a; (x)"
AF(x) = VcE(x) = ; . Allx)=ve'(x) = ;
af(x)7 ap(x)’

221



=)
Lagrangian and rl_m?range multipliers Ce{“‘g.qu ) Q
P) McJV oL Py =) < ®
Let y a vector of R™, z a vector of RP, Egrange multipliers.
The Lagrangien is defined by Tl yosuel~te
£ iﬁ’g xR x RfE— K
Ux,y,2z) = f(x)+ (y,c"(x)) £ (z,c (X g 3 CI,()

A

+ .2 s Ch ('&

=\

The gradient and the hessian of the agrang|enW|th respect to

X are > \%V(f[a) > Z%JUC}/%)

g(x,y,z) = Vxl(x,y,z) = VFI(x) + Zy,-a,E(x) + Z zia(x)

)

m p
H(x,y,z) = Hessxl(x,y,z) = Hf(x) + ) yiHF (x) + > zH](x)
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Example 1: f:R* 5 R f(x) =xi + X, _inf f(x)
cE-R>R m=z=l, psD X2+ x2=2
CE() = at il 2 CEE)=D

- Rix R — IK -
'X(x)\a)"‘ %("‘) Y %Qe(x)z 11')-')(7_*\—‘6(’!1.\.22-—2)

e (1) + ()= (e
H%Q 3 ‘@é M), . (\P\)} %,CR’“ )= QE ZD
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Example 2: f: R7 — R PFx] = [IXI2. 2 inf . f(x)

o Al Xip1 — X <2
\O){\ v:__r)n) /:+1 ..... n—1 ol
L: R x RP—s R CFR"—> R"=K

O T e S

e e - e
‘) b --2)

VXQ(#\'Q: 2o+ *73«-;%2 +Qa?(7<.5@—2>

-\—57\-;{‘3"‘" o %v\-%@r %o

\ ¥ An-n JV%\'\-I (?C«\ ~—\—2>

A= R

_H—mQ(-x"b\‘:QIA“X ! O

N
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Actives Constraints / Contraint s actlves in e

Let x* a minimizer of f. )'8
The i mequallty constraint is active if ¢/(x*) = 0.
*ETORNEICY x* € D, = <o F )25

I[") £ - Cr.3) —» '/fx")c'.o
Ve, CP(x) = O =) CP(=
PMMI CT (x*> 2 0 A__
c%/f*):o o G ("“940 ¥

o\
CX Okd)";l/‘ft &k%* Lé-tg\wc)*\ﬂol‘ ¥
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Actives Constraints / Contraintes actives ~ § OF P
Let x* a minimizer of f. g’ (,(} o B
The i inequality constraint is active if ¢/(x*) = 0.

1 R2SR fx) = ||Ix|[2, inf f(x) = cr:R—IR

o I\ s x > K+ %— |
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sc cend exonype IR o R
Ac:’uvgM Constraints / Contraintes actives X q—)(mzz v
Let x* a minimizer of f. Xz

The i inequality constraint is active if ¢/(x*) = 0.

. ! LY (
2. R SR M= [E nf 0 CRDT
%<0 o' e@

2= ()
I V/GE s
AT e
//// L T ig Lot T
CI {5 G(‘/L‘U(
S "S N,Fa(}‘f/b

A9 V|5 ¢
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el cestolle

Lagrange dual function ‘”‘j’i”gw ngmﬂ&

ey )4 ¢ cIit)> ¢ F‘
g:RM"xRP - R f(*\%%)g( o CL("“LAO
,Z) = inf {(x,V, 40( %)%)CF
0 G .20

= Xugg f(x) +Zy, cF(x) +Zz,c (x))
i i=1 =1

g is concave (can be unbounded for some y,z)
_Property : inferior bound:

If z> 0then g(y,z) < ,04— infxep, f( 3(9‘>
, achiom is bﬁ\w"““ s
> G e '&‘* . C/")>
(.c)+( L )74’13f
A L T S o
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Exemple : solution of a linear system with minimal
norm Are My, R) be R™

Solve
= In - BN \o&W“W
ot b ¢ CE’_-F—> R™
> Lagrangian : /(x,y) = x X+yT(Ax b) cEx) = - Ax-b
= [l ey, CE(D> esmree

")~ ugsz(w@ B o ‘omd Gode Mm

V'Q(”‘;‘j\ ?:c. + AT‘ﬂ. x "“‘“A“&
%(‘6) {A% A—a) + (%,-—lAAtA N Z, )/98“ ‘(‘31"‘7
<P Y
%(\3\ (S BT u\)e A c_,w\(»JO\ o ok e
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Exemple : solution of a linear system with minimal

norm
Solve

* — inf T

= ety XX

» Lagrangian : ¢(x,y) = x"x + yT(Ax — b)

» |n order to minimize /(x, y) with respect to x we seek
gradient zeros

Vil(x,y)=2x+ ATy =0 <« x=—-A"y/2
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Exemple : solution of a linear system with minimal

norm
Solve

* — inf T

= ety XX

» Lagrangian : ¢(x,y) = x"x + yT(Ax — b)

» |n order to minimize /(x, y) with respect to x we seek
gradient zeros

Vil(x,y)=2x+ ATy =0 <« x=—-A"y/2
» Inject in the definition of the dual function

1
gly) =U(-ATy/2,y) = —ZyTAATy by

concave in y
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Exemple : solution of a linear system with minimal

norm
Solve

* . T
— inf X' X
P Ax=Db

» Lagrangian : ¢(x,y) = x"x + yT(Ax — b)

» |n order to minimize /(x, y) with respect to x we seek
gradient zeros

Vil(x,y)=2x+ ATy =0 <« x=—-A"y/2
» Inject in the definition of the dual function

1
gly) =U(-ATy/2,y) = —ZyTAATy by

concave in y
» Inferior bound property
pr > —%yTAATy — b’y vy
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Resolution of the_dual probl
Jeo ”é( ¥,3) < (P ?@,,\ U 4.3
54 g/%137 fg
Solve 5>0

a* = sup gy, z)

yeRM zeRP,z>0

» Best inferior bound for p* > d*
» The dual problem is concave : existence of an optimal

problem g*
Weak dualityd™ < p*
Strong duality d* = p* ﬁ:: Hxam\s = VN

ken qumﬁ“ﬂw ) ;&WW
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Qualified constraints NEIES Mwﬁms

» Condition for d* = p*

» We say that the constraints are qualified in x*
If the rank of the matrix formed by the union of the
Jacobian matrix of equality constraints and the Jacobian
maitrix of g constraints of active inequality in x* is equal to
m + g, then called maximal rank.

» Particular case of a convex problem :

Solve (f e (| o Kg A esre/M
p* = inf f(x) x & .
Ax =b )
c/(x) <0

If 3x s.t. ¢/(x) < 0 and Ax = bthen d* = p*
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Case of equality constraints oant QC( ol WV

“Nod (=

[ inf f(x)
¢ s.c. C(x)=0
\ x € R
with
f . Rn — R)

C . Rn — Rma
f ¢ smooth.
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Théoreme des extrema lies - Lagrange multl Ilers
PMYM-Q PI) %€ @o s.x, C(=¢)=0 }

Let f and Cin C', and x* a local minimizer of f satisfying

C(x*) = 0 primalfeasability

! - -R —»R
C .- R"— IR™
If the constraints are qualified, there exists a vector of Lagrange
multipliers y* € R™ s. t. v .Q(vc &a )’”O\‘Z
VI(x*) + Zy,*VC (x*)=0 dual feasability ):
' C (¥ k0
QOaP-X/"‘l Q’C 1“})’-)%’*’\“@ C ")O
» Linear constraints special case '(7 R gp)=
» n=2, m=1 special case 9:€K?- %éﬂl
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