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Conjugate gradient method : motivatio " ,
‘l,u\,, b MW‘-" '( %w iw: t~—
Wi st . ﬂ’[«ﬁé’ ey >4 2 5;12675’?.;& LeR"

f(x*) = inf f(x)
T kot a2
fx) = E(oqx12 + apx?), Wwith0 < oy < ap

_ %(Ax,x> with A = <‘g 52) VC\}@ i:;)
L2 R vg(;} ;‘)
I‘ -l ~
— e > = % % Vi)
%, — =)
5
o (¢ ~locer cho 2 wh}eng Fk
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A-conjugate directions f[oc): -leé)ge,ym +2boc

Definition : Let Ac S ..
> 2 non zero vectors v, w are called A—conjugate iff
(Av,w)=0. = <V, Aw>
» A family of non zero vectors (Vv;);—1,..m, is called
A—conjugate iff (Av;, v;) =O0foralli=1,...,m,
j=1,....,mi#]j.
Property : A—conjugate vectors are linearly independent. If
m = n a A—conjugate family is a basis of R".
Definition : a conjugate descent method is a method where the
successive descent directions form a A—conjugate family
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Expression of the minimum of f in a A— cogugate
basis GLtN. mwmw ogf("c) =)=
Aot b
f(x) = 3 (Ax.x) + (b.x)
Suppose we have a basis (d;);—1,..n, such that (Ad;, d;) = 0 for
J#i
n
X* =) a;d, and Ax* + b =0,
i=1

n
therefore Ax* = —b=>_ a;Ad;, thenforany j=1,...,n
pa

n
—(b,d) = aj(Ad;, d) = a;(Ad], )
i=1
—(b, d))
(Adj, d))

aj =
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Construction of the A—conjugate basis PR Wq*g
dhaove | riN 20 fob ?0=A°<o"'l°

Let gk = Vf(xx) = Axx + b be the gradient at step k

Choose dy = —go (The first step is a standard gradient descent
step)

A €R
Then dk:—gMJrWtisf\ying: ‘gk A \—‘}dfi Ao
(CG1) (Adk,d;) =0Torj=0,...,k—1and aAd( o\,,>
(CG2) (gk,d;) =0forj=0,...,k—1 <4 O,y do7z= 0O
Update at step Kk : X1 = Xk + axd
Next gradient gk, 1 = Axk11 + b = gk + axAdk
Property : For all initial guess xg there exists (ax)x and (Bx)«
such that (CG1) and (CG2) are satisfied.
Property : (CG1) and (CG2) = (g, g;) =0forj # k

Ax,+b5=2 g+ B, Qe %>
Lo dy> 2 0%46)‘, dﬁ’*%ﬂdb&ﬁ 0 2 % Taman

a
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Convergence of a conjugate method

Property : A conjugate descent method using directions
satisfying conditions (CG1) and (CG2) converges in at most n

steps.
<Adk1,§<;N lgk[? A= - ¥ O‘k,,
= . =W TR,
(Adk_1,dk—1)  |gk—1]?
{g*,d)
(Adk, dk)

Property : Bx = —

Property : ay = — Kopn = %t *kd"
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Conjugate gradient algorithm

Data: Matrix A, vector b, tolerance e
Result: x* such that f(x*) = miny f(x)
Initialisation : kK =0,
Initial guess for solution x0 € R”
P =Ax"+b
d% = 7g0
while |[g¥| > ¢ do
» Compute directionnal minimum :
vk = Adk
ak = — (g", ") Yu W
k (vk, dk) W o> 7 W MM
Xkt = xk 4 apdk dof-’
> Update gradient : \,J\.\'e'\ O(‘A'\ e
gt = gF + ay vk
» Compute new direction :

Bouy = (9L
gk, g%)
dk+1 — 7gk+1 +/8k+1 dk
k< k+1
end
x* « xk
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Monotonicity of the conjugate gradient algorithm

Property : If dx # 0 and a1 # 0 then f(xx1) < f(Xk).
If ax1 =0, Xk is the minimizer of f and Axx +b =10

18E
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Polak-Ribiere method e e quedralic PiR™I

Data: Function f, gradient Vf, tolerance ¢
Result: x* such that f(x*) = miny f(x)
Initialisation : kK = 0,

Initial guess for x° € R”

¢° = V£(x°)

a9 = gO

while |g*| > £ and k < kmax dO g{t'a
"»”Compute@:et;pm-dﬁeemdr: ab s vd oo ke &N

(XK + oy k) semgeiiaadyy < (x*) #aCBE L2t NS
»> Compute new position :
xKT = xk 4 o dk
» Compute new direction :
gk+1 — Vf(XkH)
<gk+1 _ gk7 gk+1>
(9%, %)
dk+1 — _gk+1 + Ckat dk
k<« k+1

Ck+1 =

end
x* «— xk

18€
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Comparaison of conjugate Gradient (green, 4
steps)and Polak-Ribiére (red, 8 steps) methods.

f quadratic function in RS. Projection on (0, x1, X2).

0.8 |

0.6

0.4

02 — o

o
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-0.6 |
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Linear regression ™77 e %qu

Ao R — R
Find 6 defining a linear model 9 € K (9
§=nhy(x)=0".x
Let m measurements (x;, y;), i = 1,..., m, where explaining

variables are in R” (x; = (x});_1
the least squared error

Y[ E0)= 23 (7). Af]/XG 7((

n- 0 is found by minimizing

.....

l']M i=1 A N 14
The ndrmal equatlon g}ﬁg he best solution Y .
(0\""XQ'_ Y“ X) 1 XT " "
o) a¥ (%8 - Ry Faa

complexity in O(n%) and O(m).

-
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Outline

Optimisation with constraints
Duality
Algorithms for constrained optimization
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Nonlinear least squares

fl { R” — R?
Lx=0a,0x0)0 = (A(X), - fa(X))!
for Q > P we seek a solution to the problem f(x) = 0.
e ig QCP /&(”C\i’o \\};5 ""’%w
N@,’o\—ﬁw

20C
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Examples
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Examples

» Find the parameters Ny and )\ of a radioactive material

whose emissions are monitored over time N(t) = Npe_ Al
ecs Jr\ YV\J\~R/\ ()K;w\ &)(ﬁ )-
a5 e et o
N NN — oo A
0 = _ 3
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Toy example (§ is Hoe reaer orene
No: *a :2: Xzﬁu -n* .
& resmmadi N v N(#)e No€ W 2l

f:R2 — R with Q large

(N;)i1....q radioactivity measurements at times (t)i—1.._q
fi(x) X e Xt _ N;
o) | [xeeon| R0
fo(X) xje~%te — N

Calculate the Jacobian matrix Jf(x)

202
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Toy example

f:R?2 — R? with Q large

(Ni)i=1,....q radioactivity measurements at times ({;);—1

fi(x) xje e — N

fr(x xje Xl — N
) = 2(x) _| e b

fa(x) xjeelo — Ng

Calculate the Jacobian matrix Jf(x)
gk —Xx1l e f
g Xk —Xx1tbhe 2
Jf(x) =

el —xtge el

7"'70

202



Reminders: linear least squares

Ax = bforbe R%and A € Mg p(R) with Q > P and
rg(A) = P.
The problem: find x € R” such that

|Ax — b|? = min ||Ay — b|/?
y€ERP

admits a unique solution given by the normal equation

AlAx = Alb.

2038



Nonlinear case i vfed an&ﬂ“gw O

U WNM‘LE %(()()~ L\@O?)U" = g(X)

Find x* € R” such that

Q
oA(X”){ 1)1 = min,[|f(x x)|? (H"(X)H2 :Z(fk(x))2>,

k=1

We suppose that :
vx € RP, Ji(x) € Mg p(R) has rank P.

In particular, we will have (J;(x))! Js(x) symmetric defined
positive.
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Y O € IR*
Nonlinear case (continued) R »

(¥)= | lg(w)\ =N o ai B Ny= n\g\l
o

Y= ON (89 D9 ON{h = 421;3,
= (A6, e h > 0695, = B3
We notice . { e w
x = ()2

If g is strictly convex and coercive then the problem
g(x*) = miny g(x) admits a unique solution x*

Va(x*)=0.

A %) A 74 b ) < 230 3
)?:/.&3@( ¥ 3, ~> jg(gQM) (R)

20¢


Postel


Calculating the gradient of g

g = Nof composition of

N:R? - R, N(y)=||yl|? and f : RP — RO

The rule for differentiating a composite function gives
Dg(x) = DN(f(x))Df(x)

For y,5 € RQ, DN(y)é = (2y, 5)

for x, h € RP, Df(x)h = Jf(x)h € RQ

h,x e RP,  Dg(x)h = (2f(x), JF(x)h) = (2Jf(x)Tf(x), h)

Vg(x) = 2Jf(x)Tf(x).

20¢€



Find the zeros of Vg or the zeros of f(x) P2 %E‘(’“’“

Vg(x) = 2Jf(x) T f(x) Newton method requires Hf(x)
> If f(x) is a function of R” in R we find the zeros by
Newton’s algorithm

Xk41 = Xk + dk

With{Jf(Xk)dk = —f(Xk)

» Here f(x) is a function of R” in R? so the system

Mxk)dk = —f(xk) of size Q x P/s solved in th etsthm

squares sense g(;{) -0
[ 100 x)c = Jf(fo(xT)%‘

& de = —(JFOx) TIF(xk)) T IFO) TE(xk).
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Gauss Newton method em NL. Ao L#)eq-kufzw

> Initialize x, € R }/dK |>¢
> While W%d K < Kmax

> Solve (Jf(x)TJf(x))ak = —JF(x)TF(x) & m
» Update xx1 = xx + dk
» Update k — k + 1 3(@;:)& :—&(y)

20¢€
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Convergence of the Gauss Newton method

We recall that Jf(x) of rank P and g(x) is strictly convex
coercive

> Let x, € RP, then the direction
dk = —(JF(xx) TIF(xi)) T JF(xk) T F(xx) satisfies

(Vg(xk), dk) <O0. }AAWJ’ Aoz chow
If X # x* then
<v9(Xk), dk> < 0.

So di is a descent direction for g at xk.
» If the sequence (xx), converges, then its limit is x*.

20¢
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Exercice
()= 328 4] - 2mm T R

thmwr%\w )4}1),6’-
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Exerciggk? R
g(«m?t G (a2 2D (2« ¥ X= {rrmrz)

2x, - bx (X712 fola - bo —Be%
Vg@ o ) Hg("x);
g‘fz — 4 ')(z(‘)(}-\-'ﬁ(g')

o (%2 N ,rim) g Nyl
e sl

i PO e

_27(‘71 ‘Z-\?'x: - ‘Vxl
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