
Descent method

Definition : We say that d 2 Rn is a descent direction at x for
the function f if there exists ↵d > 0 such that

f (x + ↵d) < f (x) 80 < ↵ < ↵d .

Property : If f : Rn ! R is differentiable , d 2 Rn is a descent
direction at x if and only if

hrf (x), di < 0.
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General descent algorithm

Data: function f : Rn �! R
required precision " > 0.
Result: x? such that f (x?) = minx f (x)
Initialisation : k = 0,
Initial guess for the solution x0 2 Rn

while ||rf (xk )|| > " and k < kmax do
Choose descent direction dk (such that hrf (xk ), dk i < 0)
Choose step ↵k in direction dk , such that
f (xk + ↵kdk )  f (xk )

xk+1 = xk + ↵kdk
k  k + 1

end
x?  xk
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Convergence of a descent algorithm
Let f a function C1 from Rn into R and x? minimizer of f . If the
following conditions are satisfied

1. f ↵-elliptic
2. rf L-lipschitz

Then for all (↵k )k2N sequence such that there exist a, b 2 R, s.t.

0 < a  ↵k  b <
2↵
L2 , 8k 2 N,

The gradient method

xk+1 = xk � ↵krf (xk )

converges geometrically for all initial guess, i.e.

9� 2]0, 1[, ||xk � x?||  �k ||x0 � x?||
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Examples of possible choices for the descent direction
I Gradient Algorithm (steepest descent )

dk = �rf (xk ).

I Newton algorithm based on direction

dk = �Hf (xk )
�1rf (xk ).

I Quasi-Newton with

dk = �Wkrf (xk ),

where Wk ⇡ Hf (xk )

I Conjugate gradient method (in the quadratic case)

dk =

⇢
�rf (x1) for k = 1
�rf (xk ) + �kdk�1 for k > 1.
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Choice of the step in a given direction

hk : ↵ 7! hk (↵) = fk (xk + ↵dk )

Cauchy’s rule

↵k = argmin
↵>0

hk (↵)

Curry’s rule

↵k = inf
�
↵ > 0; h0

k (↵) = 0, hk (↵) < hk (0)
 

α

h( α)

Curry

Cauchy
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Convergence of optimal step gradient

Suppose rf (x) L-Lipschitz on {x , f (x)  f (x0)}.
Then the gradient algorithm with:
I dk = �rf (xk )

I ↵k fixed by Curry’s rule
satisfies
I either f (xk ) non-bounded below
I either rf (xk )! 0 when k !1.
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Optimal step in the quadratic case

f (x) =
1
2
hAx , xi+ hb, xi

with A 2 Sn and b 2 Rn,

h(↵) = f (x + ↵d) = f (x) +
↵2

2
hAd , di+ ↵hAx + b, di

↵? = argminh(↵)

↵? = � hg, dihAd , di

with g = rf (x) = Ax + b.

178

Postel



Optimal step gradient method in the quadratic case

Data: A, b, "
Result: x? s.t. f (x?) = minx f (x)
Initialisation : k = 0, x0 2 Rn

g0 = Ax0 + b
while ||gk || > " and k < kmax do

dk = �gk
vk = Adk

↵k =
hdk , dk i
hvk , dk i

xk+1 = xk + ↵kdk
gk+1 = gk + ↵kvk
k  k + 1

end
x?  xk
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Choice of the step in the general case

Data: Function f : Rn �! R
Required precision " > 0.
Result: x? s.t. f (x?) = minx f (x)
Initialisation : k = 0,
Intial guess x0 2 Rn

while ||rf (xk )|| > " and k < kmax do
Choose dk , s.t. hrf (xk ), dk i < 0)
Choose step ↵k in direction dk , s.t. f (xk + ↵kdk )  f (xk )
xk+1 = xk + ↵kdk
k  k + 1

end
x?  xk
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Directional minimisation -Line search

Armijo’s rule linearization of the constraint on ↵k

f (xk + ↵kdk ) < f (xk ) + !↵k hgk , dk i

α

h( α)

<d,g>

<d,g>ω

α1α 2
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Armijo’s rule

Data: Function f , current position x , descent direction d ,
coefficients ⌧ 2]0, 1[ and !1 2]0, 1[

Result: ↵ s.t. f (x + ↵d) < f (x)
Initialisation : k = 0, initial guess ↵0
while f (x + ↵kd) > f (x) + !↵k hd ,rf (x)i do

Choose ↵k+1 = ⌧↵k
k  k + 1

end
↵ = ↵k
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Exercice
Consider the minimisation problem

x? = argmin
R2

f (x), with f (x) = (x1 � 1)4 + (x2 � 2)4

1. Solve the problem exactly.

2. Write Newton algorithm for this problem. Show that it converges for any x0 2 R2.

Consider now the gradient algorithm for this problem. In order to select the step ↵k in the gradient direction

xk+1 = xk � ↵krf (xk )

we consider the function 'k (⇢) = f (xk � ⇢rf (xk )) and pk (⇢) polynomial of degree 2 that interpolates '(0),
'0(0) and '00(0).

3. Define pk (⇢) from the values '(0), '0(0) and '00(0)

4. Compute ⇢k = argmin⇢>0 pk (⇢)

5. Show that there exists ↵ > 0 s.t. if ↵k = ↵⇢k then

||xk+1 � x?||  µ||xk � x?|| with 0 < µ < 1

6. Conclude that limk!1 xk = x? and compute the error estimate ||x0 � x?||.
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