Descent method .54
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Definition : We say that d € R" is a descent direction at x for
the function f if there exists ay > 0 such that

f(x+ad) < f(x) V0 < a< ag.

Property : If f : R” — R is differentiable , d € R" is a descent
direction at x if and only if
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General descent algorithm/m%aol

Data: function f : R” — R
required precision ¢ > 0.
Result: x* such that f(x*) = miny f(x)
Initialisation : kK =0,
Initial guess for the solution x5 € R”
while |Vf(xx)| > € and k < knax dO
1) Choose descent direction di (such that (Vf(xk), dk) < 0)
Choose step ay in direction d, such that
F(xk + akdi) € f(xk)
Xk+1 = Xk + adk
k+ k+1
end
X* < Xg
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Convergence of a descent algorithm ~ dg = - V(]Pﬁ(z)

Let f a function C' from R” into R and x* minimizer of f. If the
foIIowmg conditions are satisfi O =
. f a-elliptic <VX(" - foe)l x- Yy > = 3”
2. Vf Llipschitz || Vﬂ%) V?[B) /< (g//zx

Then for all (ak)ken S€quence such that there eX|st a,beR,s.t.

20

O<a<ar<b< k € N,

12’

The gradient
Xk41 = Xk — (lka(Xk)
converges geometrically for all |n|tlaﬁqjae7 f

35 €10, 1], HXk - X*H < B¥x0 — ﬁ
N
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Examples of possible choices for the descent direction
» Gradient Algorithm (steepest descent )

e = —VF(xc).

> Newton aIgonAhm based on direction 4”% 7%)> <P
o#‘é H?("k JES3t , depe dodhe odwimun 0 obuns e

e = —HF(x) ™' V1(x0). Hg@, ‘é‘*g"g
-
» Quasi-Newton with

d = — Wka(Xk)

where Wy ~ Hf(xx) W WM WO(_ € S‘H—
» Conjugate gradient method (in the quadratic case) g(ﬂw\q’b‘y?

-L<\01Y7
dh — —Vif(x1) for k =1
K7 —VFOx) + Brdk—y fork > 1.
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Choice of thejep mcha glveg dlrect n
‘ {(:(,t-\-o(o\ogﬁkz g(n)

hk +a = hy( a) f,(Xk + adk)
L<Ag,vf(zg*¢ di) > 17 A

ay = argmin hy(«)

a>0
Curry’s rule 3‘(‘%')
ax = inf {a > 0; M (a) = 0, he(a) < hi(0)} %:.& 7::.1)
h( o) o A:— g")
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Convergence of optimal step gradient

Suppose Vf(x) L-Lipschitz on {x, f(x) < f(x%)}.
Then the gradient algorithm with:

> d = —VI(xK)

» « fixed by Curry’s rule  —» %“#’0 "x- QJ(M)
satisfies

> either f(x*) non-bounded below

> either VF(x¥) — 0 when k — oc.
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Optimal step in the quadratic case f(" )= W"‘Xy")

(73(79\ At . x*= o A ‘b
rgﬂz -——)R
_1 (Jna-oy 0[ s
f(x) = 5 (Ax. x) + ) ¢V%(‘w) 47<o
with A< §and b € R”,
ArRoR 2
h(a) = f(x + ad) = f(x )+—<Ad d) + a(Ax + b, d)

'<A(9U°'4) xiwdy ) y?ouhv-_( Ao %7 4 Wpx,ad-
+ 4»1A1»z7-»lz~. «d>
a* = argmin h(«a) 2

BN(A) = x LA, 4> + <Ax by PRSPPI
Oé*:— <g7d>
(Ad, d)

with g = Vf(x) = Ax + b.

_ohenh e
&b Ay s CAzwb Ay o o L

- Y
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Optimal step gradient method in the quadrati¢ case

( g‘.a 2 4 ey Ac S%,  Ler™
P F LR e ab ek dep k= - )

Data: A, b, ¢

’ E] - +L
Result: x* s.t. f(x*) = miny f(x) - (M’ )
Initialisation : k = 0, xy € R” =%
go=AXxo+b

while |gk| > ¢ and k < knax do

dk = —9k
Vi = Ady ) DLWEE 2d, 4y
_ (dk, dk)
vk, )= L Ade A7

Xk1 = Xk + akdk

Gk+1 = Gk + Vg =D %"’" A—ocm,*b L

k+~ k+1 = A('xkhlkd&)*
end - A'a*-»\:& oL A
X* < Xi — U

e

e
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Choice of the step in the general case (g M?’-‘*’““C)

Data: Function f : R" — R

Required precision € > 0.

Result: x* s.t. f(x*) = miny f(x)

Initialisation : kK =0,

Intial guess xp € R”

while |[Vf(xk)| > ¢ and k < knax do
Choose dy, s.t. (Vf(xk),dk) < 0)
Choose step «a in direction dk, s.t. f(xx + axdk) < f(Xk)
Xk41 = Xk + akdy
k<< k+1

end

X" Xg
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Armijo’s rule linearization of the constramt on ay
we ot

F(xK + ard®) < F(X¥) + wak(g¥, d¥)
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Armijo’s rule  / &S ‘%*x) ;mzi)

ol)z‘a

Data: Function f, current position x, descent direction d,
coefficients 7 €]0, 1] and wp €]0, 1]
Result: o s.t. f(x + ad) < f(x)
Initialisation : kK = 0, initial guess «g
while f(x + axd) > f(x) + wak(d, VI( x) ) Galt
Choose oy 1 :/mk Kt wrld M}m

k+— k+1
end

a = ag
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Exercice

Consider the minimisation problem

x* = argmin f(x), with f(x) = (g — 1)* + (0 — 2)*
Rr2

1. Solve the problem exactly.
2. Write Newton algorithm for this problem. Show that it conver:
Consider now the gradient algorithm for ~In order to select the step a in the gF: direction

we consider the function <pk(p) = f(xk - pr(Xk)) and pk(p) polynomial of degree 2 that interpolates «(0),
' (0) and "' (0).

3. Define p¥(p) from the values »(0), ¢’ (0) and '’ (0)

4. Compute pk = argmin,, ¢ pk(p)

5. Show that there exists a > 0 s.t. if oy = apy then
XK — x| < pllxF — x* [ with0 < g < 1

6. Conclude that limy_, xK = x* and compute the error estimate | x° — x*|.
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Exercice
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Exercice N*
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