Optimality condition for quadratic problems
ﬂ§7g(;n:) < C;Zac B f}
i) =
| %o
inf f(x) = §<x, Qx) +(g,x)+c Q40

XeRn
C
where Q is a symetric n x n matrix, g € R” and ¢ € R. l

{ » If Qis not positive semi definite then the problem has no
solution : no x € R" realizes a local minimum. f"m‘f’

2 > If Qis positive definite then x* = —Q'g is the only global
~ minimum. ,.vg(-xg) -0
2» §G20 DI D/ Gr=o
£, o ()= <aq, a2 > 4 C <, 9> 4+C
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Solving systems of non linear equations

a NeAEEI condi hom %‘ A m“g/%)

Vf(x% =
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Fixed point method
(V(;r) L gf'r)- o

Definition
A fixed point x € RN of a function g : RN — RN is a point such
that x = g(x) (=> qffx) ~2x =0

Definition
A fixed point x € RN of a function g : RV — RN is said to be
attractive if there exists a neighborhood V of x such that for all
Xo in V, the sequence defined by x,.1 = g(xn) converges to x.
Otherwise, the point is said to be repulsive. S
Pt o e b tirt)
finb  aar 9/%)

[/:. g(@)
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Picard’s Theorem raams

Theorem (Picard’s Theorem)

Let F be a closed $E48°5 RN andletg: Fc RN — RN be a
map such that g(F) C F. We assume that g is contracting, i.e.
there exists k €]0, 1] such that:

v, yefl,  lgx)—gW)l < klx =yl (@)

Then there exists a unique x* € F C RN such that g(x*) = x*
and, for all xy € F, the sequence defined by x,.1 = g(Xn)
converges to x* (i.e. x* is an attractive fixed point).
Furthermore, there exists a constant C (depending on the
choice of xy and the function g) such that C-= / A x ((

oxlconn. =140 R
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Fixed point algorithm #. 3ReJa L llaf)-abl < k-4

ZS“L’C;@A(Z%\), I % e 2 <l (2 )= 9 Fn- ]

,
nsp 2 b)) 2 B 07 Fol
]{um~_'g“,\4= Ngw =%y, ¥ z\,\_.,_.lz(,\-%‘: o ';f'?”‘ffn%-‘:
¢ 2N pugr 2prill O N e, ol B M2l
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g(x) = 0, scalar case (%(7‘) - &'f“))

Zeros of%u(nctlon g: 7::“)1-? fm}“)/'« o* .,_a(l\x 9!’)\\

) = 90+ g () (X" —x) + o(|x>= x]).
ool 5180 S ) /o/

%/x) 4 Y -

ixed point algorithm.to &Iveanonlmear equation
yeo < % %%) = x -
P(x) = x, with p(x) = x — g /g
% YY)z x Ras o

Approximation by a sequence x,,

Xngt = Xn—9(Xn)/9'(Xn) = V/[*x )
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Newton algorithm (scalar case) eﬁ”'\“k‘ 2 e oge
I Ln- %o [> €, («,Q,)_\_ (—zb)['x—x,,)

O %lxo) £ a'(#o) (> -75)
W w = 70 - - C'}’/(
Data: Function g(x),derivative g’(x) olerance ¢, max e

number of iterations kmnax
esult: x* suchthatg(x*) =0 =) W’*"Q’-‘& (%BI Le
Initialisation : k = 0, xy initial guess for g(xo) ) £ 0.

— Q(Xk)
Xk+1 k 9 (%)
K+ Kk-+1
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Convergence of Newton algorithm o
(féxgol(m\’f we Crael 0 l"‘r néCP‘

Let gin C2on | = [x* — r,x* + r] with g(x*) = 0 and g’ # 0 on
M = max

. Let
i 1
, and h = min (r, ) %JJ
xel | g'(x) % ¢ b‘d\
Then for any xo €]x* — h, x* + h[ we have o= F
)

érxk x| < 1 (Ml —x*r@jﬁ" apend bi

from which we deduce limy_, ;o |Xx — X*| = 0.
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Convergence speed («s 51“14 2 U""“’L"‘Q
,,Qﬁaukl\/\n« \ow'e)'wa a ‘“""‘""A"“)“ C?C”“‘D

Denote by ex = x¥ — x* the error at iteration k. We say that
» the algorithm converges if limy_, | €| = 0

» the algorithm converges linearly if ¢ €]0, 1] tel que
lex| < clex—1] for k > K(c)

» the algorithm converges supra-linearly if (Ck)ken With
limg_o0 Ck = 0 such that |ex| < ck|ex—1]

» the algorithm converges geometrically if the sequence ¢y is
geometric

/> the algorithmf is of order p if there exists ¢ €]0, 1] such
that |[ex| < c|ex_1]P for k > K(c)

The convergence can be global or local

(L%\ Mendker
(gl ¢ c lleen® 5 gueaoie
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Newton method in dimension n
W
G(x) = 0 with G : R” — R". e K

Let JG(x) € R"™" the jacobian matrix of G in x, [2») -0
JGj(x) = 2G)
1,/ - 8)(]

G(x*) = G(x) + JG(x)(x — x )+o ||x— |-
Calar cant  \Pl) = o — ‘(e
Fixed point algorithm to solve a nonllnear equation

W(X) = X, with W(x) = X — JG(X) ' G(X).
Approxma’non ?bi a fixed point sequence X, 1 = V(Xp)

eadn X
ke Xpi1 = Xh—JG(XR) ™ G(XR)

t in practice for n large,Jone never c utes the -
inverse of a matrix ku\'h M S x
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Newton-Ralphson algorithm S
M—&VD Z
Data: mn G(x), jacobian matrix JG(x D tolerance ¢,
max number of | | T

Result: x* such that G(x*) =0
Initialisation : kK = 0, xg

while |G(xk)| > € and k < knax dO
Solve Jlé(xk)dk = —G(xk)" ) Ky = X — ‘:%7(‘#.72)
Xk41 = Xk + dk
K<+ k+1 ) -
end o \‘ 5(&4\‘ \[[Q_SG(L!;\ é(fk)
X Xg
> ywompy - eadoe

io'me\nyyfe”“““ ("""\M’T’\A
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Conver%ec&pe of Newto‘nm R\glqlgtls a}lg\orltp\m\_\ N o

o eSSt D€,
Suppose : 43((9«*>:),O
» G of class C? A
> G(x*)Z0 v

» the tangent linear map JG(x*) € L(R™ ,R™) is inversible.
Then x* is a superattractive fixed point of
W(x) = x — (JG(x)) ' G(x).
)
3\[(’%’1 ¢k o€ (i¥)

s ™ “e(%":\ Aa ije

/oc,\— ‘fn
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Scalar case : the secant method

Data: Function g(x), tolerance ¢, max number of iterations
kmax
Result: x* such that g(x*) =0
Initialisation : kK = 0, Xy initial guess for g(x) = 0.
ag initial guess for g’'(xp) (default =1)
while [g(xk)| > ¢ and k < Kmax dO
9(Xx)

Xk+1 = Xk —
Ak
s = 9(Xk) — 9(Xk+1) z
* Xk — Xk+1 7
K+ k+1 ‘ :
end %* %o To <
X Xg
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Vector case : the quasi-Newton method »
Data: G: R" — R” Xpu* A - J@(}h) 6'{7\9

e > 0. A;:‘ 6-'(3(&)

Result: x* such that g(x*) =0

Initialisation : a first approximation of xg € R",
PP maton B0 Saits o= T

Ag = J(xp) or Wy ~ J(x9)~! —>
= %o { Wo G\

dO = X1 — X0,
Yo = G(xq) — G(x0),
k=1

while |G(xk)| > € and k < knax dO
Update s Wi = Wi_1 + Bx_4
Compute d solution of dx = — Wi G(xk)
X1 = Xk + dk
Yk = G(Xk41) — G(Xk)
k <+ k+1
end
X Xg
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Comparison of Newton and quasi Newton methods

Minimum of the quadratic function f(x) = ((x1 — 2)* + (x2 — 3)*)/2
Newton method : 12 iterations
quasi Newton (BFGS) method : 21 iterations

5

45

4

3.5

><N 3

25

169



Update in the quasi Newton method -
We @ NG, (X(z‘).
\ \an ’\MQM ¢

Update : m Ap 36-(x |€>
dk = — Wi G(x)

Xk41 = Xk + Ok
Conditions on the Wy matrix
1. W should remain symetric positive definite for all k.
2. The quasi-Newton equation Wy = di is satisfied for each
k

3. The difference between two consecutive approximations
W11 — Wy is minimum in some sense (for some norm), for

example for the Frobenius norm
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Examples of update rules satisfying the conditions

Wi = Wk_1 + Bx_1
dk = — Wi G(xx)
Xk1 = Xk + dk
Yk = G(Xi+1) — G(Xk)
» The Davidon-Fletcher-Powell method
dkd]  Wiyky! Wi
'\(D—FI-D)— Wit = W+ Vi di) (ks Waeyk)

» The Broyden-Fletcher-Goldfarb-Shanno method
dkyf Wi + Wieyid]

BFGS W, =W, —
#{ o g (Y, dk)
N (1 N 72 Wk}’k>> dedl '
Yk, k) ) (YK, dk)
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Exercice

Consider the minimisation problem

x* = argmin f(x), with f(x) = (g — 1)* + (0 — 2)*
Rr2

1. Solve the problem exactly.
2. Write Newton algorithm for this problem. Show that it conver:
Consider now the gradient algorithm for ~In order to select the step a in the gF: direction

we consider the function <pk(p) = f(xk - pr(Xk)) and pk(p) polynomial of degree 2 that interpolates «(0),
' (0) and "' (0).

3. Define p¥(p) from the values »(0), ¢’ (0) and '’ (0)

4. Compute pk = argmin,, ¢ pk(p)

5. Show that there exists a > 0 s.t. if oy = apy then
XK — x| < pllxF — x* [ with0 < g < 1

6. Conclude that limy_, xK = x* and compute the error estimate | x° — x*|.
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Exercice g(ﬂ (%-4) 4’ (" ’qé@&)m M?’x’ﬁo

@e))%m) f@@@ “Jﬁc A R ) C’C"‘)

6{?;% 4 [a- \) JG-(z): \2 (- 1') O Q
(fx? ~?)? /e 1R (7‘7: 1)
A
36(1)‘1.\_ (tz(’x,.-\) C)? ) '\S(:(x') fS(Y(XY‘:TéQ

—
O @ (#2:7)
W X L«Mi\ﬁxy\
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Exercice
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Exercice
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