
Optimality conditions in the unconstrained case

Find extrema of a function defined on E .
Find

inf
x2E

f (x),

with

f : E �! R

E normed finite dimension vector space
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Necessary optimality conditions

Let x? local minimum of a function f : Rn �! R.
1. First order optimality condition : if f is differentiable on an

open neighborhood V of x?, then rf (x?) = 0
2. Second order optimality condition : moreover if f is twice

differentiable on V , then Hf (x?) is positive semi definite
and f is locally convex in x?.
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Examples

Counter example : f (x) = x4.
Counter example : f (x) = x3.
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Sufficient optimality conditions

If f is twice differentiable in x?, and if rf (x?) = 0 and moreover
I either Hf (x?) is positive definite
I either f is twice differentiable in a neighborhood V of x?

and Hf (x) is positive semi definite on V
then x? is a strict (isolated) minimizer of f on V .
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Uniqueness condition in the convex case

(i) If f is convex on a convex subset C 2 Rn, any local minimum
of f on C is global.
(ii) If f is strictly convex it has at most one global minimum.

150



Necessary and sufficient optimality condition in the
convex case

If f is convex on Rn and C1, x? 2 Rn realizes a global minimum
of f if and only if rf (x?) = 0.
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