
Relation between gradient and Jacobian matrix

E nvs, dimensions n, base B.
U ⇢ E open and f : U ! Rm, f (x) = (f1(x), . . . , fm(x))
differentiable in a 2 U.

Jf (a) = (Jf (a)i,j)i=1,...,m
j=1,...,n

= (
@fi
@xj

)i=1,...,m
j=1,...,n

=

0
B@
rf1(x)t

...
rfm(x)t

1
CA
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Quiz

Let f (x) = ||Ax + b||2 � ||Ax � b||2
with A 2 Mm⇥n(R), x inRn, b 2 Rm

Which of the following expressions is correct?
1. rf (x) = 4Ax
2. rf (x) = 4AAtb
3. rf (x) = 4Atb
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Taylor formulas at 1st order

Let f : Rn �! R differentiable on S centered at x . For all
d 2 Rn t.q. x + d 2 S there is ↵ 2 [0, 1] t. q.

f (x + d) = f (x) + hrf (x + ↵d), di.
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Second-order Taylor formula

Definition : Let f be a differentiable function on V . f is twice
differentiable at a if there exists a linear map L(a) : V ! V 0

such that

Df (a + h) = Df (a) + L(a)h + o(||h||V ) 2 V 0,

where V 0 denotes the topological dual of V . The second
differential of f , denoted D2f (a), is the map L(a) : V ! V 0
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Second-order Taylor formula in Rn

Let f : Rn ! R be a twice differentiable function. rf : Rn ! Rn

is a function from Rn to Rn. If rf is differentiable we identify
d2f (x) with the Hessian matrix Hf (x), defined by
Hf : Rn ! Rn⇥n

Hf (x) =

✓
@2f (x)

@xi@xj

◆

i,j=1,...n
.

Schwarz’s theorem: If the function f is twice differentiable, its
Hessian matrix is symmetric.
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Relation between Hessian and Jacobian matrices

The Hessian matrix of f (x) is the Jacobian matrix of Df (x)
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Second order Taylor formula

Let f : Rn �! R twice differentiable on U ⇢ Rn. If the segment
[a, a + h] is contained in U, so
I there is ↵ 2 [0, 1]t. q.

f (a + h) = f (a) + hrf (a), hi +
1
2
hHf (a + ↵h)h, hi.

I Taylor formula with integral remainder.

f (a + h) = f (a) + hrf (a), hi +

Z 1

0
(1 � t)hHf (a + th)h, hidt
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Taylor formula with Lagrange remainder

Let f be twice differentiable in an open set U ⇢ Rn with values
in R.
If [a, a + h] ⇢ U and 9C > 0 t.q.

8h, 8 t 2 [0, 1], |hHf (a + th)h, hi|  C||h||2

So,

|f (a + h) � f (a) � hrf (a), hi|  C
2

||h||2

86



Taylor Mac-Laurin Formula

Let f : [a, b] �! R, p times differentiable. Then 9� 2]a, b[ such
that

f (b) = f (a) +

p�1X

k=1

(ba)k

k !
f (k)(a) +

(ba)p

p!
f (p)(�).
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Exercises

We consider a function v : Rn ! Rp twice differentiable on Rn,
a positive definite symmetric matrix A 2 Rp⇥p, and the function
f : Rn ! R defined by

f (x) = hAv(x), v(x)i.

I Show that f is twice differentiable

I Calculate its differential
I Calculate its differential second
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Exercises
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Reminders for the functions of R2 in R

Let f : R2 ! R in C2

I The critical points of f are the points such that
@f
@x

(x , y) =
@f
@y

(x , y) = 0

I Monge notation: let (x⇤, y⇤) be a critical point of f

r =
@2f
@x2 (x⇤, y⇤), s =

@2f
@x@y

(x⇤, y⇤), t =
@2f
@y2 (x⇤, y⇤)

I Extrema: i.e. � = rt � s2

I If � > 0 then (x⇤, y⇤) is
n a maximum if r < 0

a minimum if r > 0
I If � < 0 then (x⇤, y⇤) is not an extremum
I If � = 0 nothing can be said
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Example: f (x , y) = (x2 + y2)e�x
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Example: f (x , y) = (x2 + y2)e�x
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Numerical approximation of derivatives and gradient

Suppose that f : Rn ! R is not known explicitly with a formula.
Computing its gradient can be achieved numerically using
Taylor formula.
For f : R ! R, C2

f (x + h) = f (x) + f 0(x)h + o(h)

f (x + h) � f (x)

h
= f 0(x) + o(1).

Or, for h small enough

f (x + h) � f (x)

h
⇡ f 0(x).
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Numerical approximation of derivatives
Better approximation using

f (x + h) = f (x) + hf 0(x) +
h2

2
f 00(x) + o(h2),

f (x � h) = f (x) � hf 0(x) +
h2

2
f 00(x) + o(h2).

Substracting (2) from (1) provides

f (x + h) � f (x � h)

2h
= f 0(x) + o(h)

Or, for h small enough

f (x + h) � f (x � h)

2h
⇡ f 0(x).

Why is it a better approximation than
f (x + h) � f (x)

h
?
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Numerical approximation of derivatives
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Can we do better using higher order Taylor expansions
?

Find a 4th order approximation of f 0(x) using expansions like

f (x +h) = f (x)+hf 0(x)+
h2

2
f 00(x)+

h3

6
f (3)(x)+

h4

24
f (4)(x)+o(h4)
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Expand...

f (x +h) = f (x)+hf 0(x)+
h2

2
f 00(x)+

h3

6
f (3)(x)+

h4

24
f (4)(x)+o(h4)

f (x�h) =

f (x+2h) =

f (x�2h) =

97



Choose correct coefficients before summing
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Numerical approximation of gradient

And if f : Rn ! R ?

@f
@xi

(x) = lim
h!0

f (x + hei) � f (x)

h

with ei the canonical basis vector (ei)j = �i,j =

⇢
1 if i = j
0 otherwise

Therefore
@f
@xi

(x) ⇡ f (x + hei) � f (x)

h
or

@f
@xi

(x) ⇡ f (x + hei) � f (x � hei)

2h
for h small enough
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Experiment numerically with notebook 1
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