L: E — F, linear with E and F nvs
L(A%s p3) s ALMZ) + pL(F)
L(M#»L) - L(M)+ L/ 9\) + ca[llﬁxHB

[(wrt) = Ww+ TR) & opery

()= -
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A: E — F, affine: A(x) = L(x) + b with linear L and
beF A(M*&): A () « DAK’\(&\ __‘,a(\l%h\
JIDERE

63


Postel


f(X) = | X|2, with X € R
sl < D=l? + Oy (&) + o)

- - 2 ? oC R~ l\ O\D’L

[l 3 7= D dl7p2d e, By 22

QI,”?-("‘) (‘Il\) = 2 < 2, hs> ‘&9(\)0\\1')
R"‘ «—> ol(]P{“) I§€:L& ng'jk*%"& ;%M

2 A= 2 ) e
%)( \milﬁh Q(l,rgfw 2oe

V% (”3 = Ax
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Example 5 R'Z SR /Kr(ﬁgl‘xz—): o thorb)
NPy 2 %ly?z
g & corrnae m,m T
L
%(g s TQ%E\E I h+o

-
-—

i %3 o
2 W20
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Example 6

eyers L
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Example 7

QX LU Gt
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Example f(x) = |Ax + b|? with A € Mp.n(R), X € R,
beR “ A('x*%)"'l:)n?: ”AM‘IJQH:L“' W{z}(&)-\— (9(‘1\@1_\)

. AG+R)+E |\@¢+\3)+AM\‘-,HAM&;<Am3,m;3
T + f ARY)

) ’(AJ\J,€,>:<K,A,D%7 |
N :”Q"*lb“i » 21 AT(A'X *L), h > @(29\1\)2
()S(@(M; V< AT(AxsY), 867 | 2 DA (e

2
G ETYRTRICN
TFA S
(=20

vg(q): 92 AT(AGI' fk)
DR(=)(h] = 240D 2
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Example f(x) = (Ax.X) \vith n
EE x € R"and A e@x £ Opn .
Yj(my\»

é A(:;L\)_: ;;f 2 z ig]:(::i iy Qg(«)(f&\) 4 9(\\&\\)
LB+ Alpestis =t o> 7 28,
o BT < MY il?zxf«; QZ: f"{\'oflfz P
g(ﬂsQ\): ADge, x>+ 24 Aw ,‘2,7 -\,LM'\;?L ,i_{__{,_gﬂg(e)
21 + pAx o + l\'_[%(L

Z—
:<”f”ﬂ7J(2<M.&>T.<u.€m _
Do)l H™) Ul

BT VS YUY, S g g pt 7 A
e [ mar R

i %
h (Axfk? 1A
4 <Au; = e Tl ‘;ﬁgﬁ%\ﬂwgﬂ{
OQ(*)(M: A< e~ el ) b7 e ol

(XY 69
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Definition of the gradient for a real functiog
L(R") e— R

» If Vis a Hibert space, if f is differentiable@
representation theorem leads to the definitio
gradient of f: Vf(x) € V

(VI(x).y) = Df(x)y.

s
v DR oy 3 Gueer e

duot (s elae Rn geohen
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Definition of the gradient for a real function

» If Vis a Hibert space, if f is differentiable, the Riesz
representation theorem leads to the definition of the
gradient of f: Vf(x) € V

(VI(x),y) = Df(x)y.

» Directional derivative of f in the direction d € R”
f(x + ad) — f(x)

lim, = (V1(x).d).

A)s D)+ OFla) (N \%Cu«rf}n)“
yo+=d8 gl gtz
%r(x’rr‘aw

- L YRI-), A7 ﬁ%@;,o
ot ?
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Definition of the gradient for a real function

» If Vis a Hibert space, if f is differentiable, the Riesz
representation theorem leads to the definition of the
gradient of f: Vf(x) € V

(VI(x),y) = Df(x)y.
» Directional derivative of f in the direction d € R”
lim f(x + ad) — f(x)

a—0 e}

= (V£(x), d).

> Direction of descent d ¢ R”?  oT 9%

(Vf(x),d) < 0.
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Why is it called a direction of descent ?
(x4 ad): PA) 3 4 4Vfﬁ~0,d> + &-(a)

LLERADES AN PAE-CY
. e

p () Pl ad) > o /xaivg:
| — x>0
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Definition of the gradient for a function of R” in R

> %% — Df(x)(e))

R — o) T
”\‘)Fémm )} Ts prondeven T " m,,am.,ﬁ;

: T & 0

J&& Ris 6&% “
Qétg)&;cj\ oS
F x <Y ‘)flUAGI
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Definition of the gradient for a function of R” in R

> %% — Df(x)(e))

» If V =R", the gradient is the vector of partial derivatives
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Definition of the gradient for a function of R” in R

> %% — Df(x)(e))

» If V =R", the gradient is the vector of partial derivatives

» A function f: U c R” — R is said to be of class C if all its
partial derivatives up to order k exist and are continuous
on U
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Example 1: f: R" R, f(x) = (Ax,x)  Aedl ®)

nxn

<Aé‘l‘);'“"‘7: (Pxy e v 4 ¢Ax A+ Ax; Ak
T 1-41«\',&-2\7
W (Y. L) P A NV

- %{1) N W + Wﬂ\>

) < y 2 AES(R) (e
vﬁ(‘ ) (A+ ’ )X Yrarn § VA(—;():ZA'X
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Example 2: f : ]R{”—HR{ fRN SR, erpet s
(X)—Z,zz(X/ Xij— 1 [9‘2‘7‘) 4. ..+/",4 1.-)4fl,4) "~)

‘L:A "+ . "‘(f;\ x}\.l)
-—&— Q(”‘A‘%Z) [ s~ X2

024 PP L AN

( .-2/ -
_,S 3‘ i Ei 29:4-%;..-1:4\
- N ‘
wn |
2_1 -l"‘zh-’z\-\-')—

_a_%—-— = D, ('fn—mw-\‘) \ "

}O(‘\ %V\"’xy\-(
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Example 3: f(x, y) = (Ax, x) + (y, Bx)
A€ Mpxn(R), BE Mmxn(R), f: R" x R - R
Calculate V«f and V f

- % Q\ 3 @(\\O\D

(oul.;‘QD = 'XL‘)%)-\ -(%( "3) ke L(L\"AT)B 9\>+4A1“k,,

41’-)@4&),14&7 41\6,8(1+3~)> {Aw,® S+ Iﬁ,

+ Aw B+ 4\3,8 L4

= 2Px x4 2 Rx>+ L (A+A731 +B'919\> + afh A5
V"X(la'%): (h" ﬁ7)7 f QT\Q Aarixra < Rx~>
e W) < <P mor gt by ST =TT
= %(?‘\6')4- ¢ Rz, &~

V‘a&("‘l ‘3') = Be
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Jacobian matrix definition

E and F nvs, dimensions nand m, bases B and B'.
Let Uc Ebeopenandf: U — F, f(x) = (fi(x),..., (X))
differentiable in a € U.
Df(a) € L(E, F) so there is a unique Jacobian matrix Jf(a), m x n,
which represents Df(a) in bases B and B'.
Let h=(hy,...,h,) € E we have Df(a).h = Jf(a)h.
Dfi(a) Dfi(a)h hy
Df(a) = : ,i.e. Df(a)h = : =Ji(a) | :
Dfm(a) Dfn(a)h hy
Dfi(a)e;
The jth column vector of Jy(a) is the vector

BEREEEES}
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Relation between gradient and Jacobian matrix

%; R'SR o VR; c®"

E nvs, dimensions n, base B.
Uc Eopenandf:U—R™ f(x)=(fi(x),...,n(x))
differentiable in a € U.
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Taylor formulas at 1st order

j/’” A) = éf(X) + < 2‘?(7«3, a> + o-()

Let f : R" — R differentiable on S centered at x. For all
dcR"tqg. x +d e Sthereis o 630, 1&. Q.

f(x + d) = f(x) + (VI(x + ad), d).
Q S J—P&mr\
(H/u GLQOL o ﬂé‘""i

>? - = (1‘ + LU (rx_ ol.) d->
g( +) %) g L,fw\(f,elam\;
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Second-order Taylor formula

Definition : Let f be a differentiable function on V. f is twice
differentiable at a if there exists a linear map L(a): V — V/
such that

Df(a+ h) = Df(a) + L(a)h+ o(|hv) € V/,

where V' denotes the topological dual of V. The second
differential of f, denoted D?f(a), is the map L(a): V — V’
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Second-order Taylor formula in R" 2 29
Sc b Reegramn - 3’1%; = >
1\ d a)% ¢
Let f : R" — R be a twice differentiable function. Vf : R” — R"

is a function from R" to R". If Vf is differentiable we identify
d?f(x) with the Hessian matrix Hf(x), defined by

Hf - R — RM<P
2

Hf(x) = (5 f(x)> .

OXj0X ij=1,...n

Schwarz’s theorem: If the function f is twice differentiable, its
Hessian matrix is symmetric.
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Relation between Hessian and Jacobian matrices

The Hessian matrix of f(x) is the Jacobian matrix of Df(x)
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